Suppose that M is an orientable n-dimensional manifold, and g a Riemannian metric on M . Then the holonomy group Hol(g) of g is an important invariant of g. It is a subgroup of SO(n). For generic metrics g on M the holonomy group Hol(g) is SO(n), but for some special g the holonomy group may be a proper Lie subgroup of SO(n). When this happens the metric g is compatible with some extra geometric structure on M , such as a complex structure.
for the case of Spin (7) . They are also summarized in a short survey paper [18] , and will be discussed at much greater length in the author's forthcoming book [19] .
These constructions are interesting because they provide new examples of Ricciflat 7-and 8-manifolds -in fact, the G 2 case provides the only known examples of compact, simply-connected Ricci-flat manifolds of odd dimension. They are also important to physicists working in String Theory, who need compact 7-manifolds with holonomy G 2 to explain why the universe apparently has only 4 dimensions, rather than the 11 dimensions it really ought to have.
We begin in §1 with an introduction to holonomy groups of Riemannian metrics, and Berger's classification. Sections 2 and 3 define the holonomy groups G 2 and Spin (7) , and give the background material we shall need. Section 4 is an aside on metrics with holonomy SU (2) , and the Kummer construction for such metrics on the K3 surface. The G 2 and Spin (7) constructions are in fact motivated by and modelled on the Kummer construction, so we describe this first as a simple model.
Sections 5-9 explain the construction of metrics of holonomy G 2 and Spin(7) on compact 7-and 8-manifolds. The ideas are first summarized in §5, which divides the proof into four steps. These steps are then covered in more detail in §6- §9 respectively. The most difficult part is Step 3, which uses analysis to construct a solution of a nonlinear elliptic partial differential equation. Finally, in §10 we suggest some areas for future research.
Riemannian holonomy groups
Section 1.1 introduces the theory of Riemannian holonomy groups, §1.2 discusses G-structures and their torsion, and §1.3 describes the classification of possible holonomy groups of Riemannian metrics. Some good references on this material are Salamon [30] , Joyce [19] , and Kobayashi and Nomizu [20, Chapters 2-4]. (1) . Then P γ is well-defined and linear, and is called the parallel transport map along γ. This definition easily generalizes to piecewise-smooth paths γ. Since ∇ is the Levi-Civita connection of g, we have ∇g = 0. Using this one can show that P γ : T p M → T q M is orthogonal with respect to the metric g on T p M and T q M .
Here is the definition of holonomy group. Therefore, we omit the subscript p, and write Hol(g) for the holonomy group of g and Hol 0 (g) for the reduced holonomy group of g, both of which are subgroups of O(n) defined up to conjugation.
Our next result, taken from [20, p. 73, p. 186] , is rather more difficult.
Theorem 1.3. The reduced holonomy group Hol 0 (g) is a closed, connected, Lie subgroup of SO(n). It is the connected component of Hol(g) containing the identity, and is normal in Hol(g).
There is a surjective group homomorphism φ : π 1 (M ) → Hol(g)/Hol 0 (g). Thus Hol(g)/Hol 0 (g) is countable, and if M is simplyconnected then Hol(g) = Hol 0 (g).
Because Hol 0 (g) is a Lie group, it has a Lie algebra. We define the holonomy algebra hol(g) of g to be the Lie algebra of Hol 0 (g). Then hol(g) is a Lie subalgebra of o(n), defined up to the adjoint action of O(n). Similarly, define hol p (g) to be the Lie algebra of Hol 0 p (g), which is a Lie subalgebra of o(T p M ). Using g we may identify o(T p M ) with Λ 2 T * p M , so that hol p (g) becomes a vector subspace of Λ 2 T * p M . Now the holonomy algebra hol(g) is intimately connected with the Riemann curvature tensor R a bcd of g. Actually, we find it more convenient to lower the index a and work with the tensor R abcd = g ae R e bcd , which we also call the Riemann curvature. Here are two results relating R abcd and hol p (g). 
and
The second result is the Ambrose-Singer Holonomy Theorem [2] . 
Thus we may define the product metric
called a Riemannian product. The holonomy group of a product metric is the product of the corresponding holonomy groups.
We call a Riemannian manifold (M, g) reducible if every point has an open neighbourhood isometric to a Riemannian product, and irreducible if it is not reducible. Here is a kind of converse to Proposition 1.6.
There is a class of Riemannian manifolds called the Riemannian symmetric spaces which are important in the theory of Riemannian holonomy groups. A Riemannian symmetric space is a special kind of Riemannian manifold with a transitive isometry group. The theory of symmetric spaces was worked out byÉlie Cartan in the 1920's, who classified them completely, using his own classification of Lie groups and their representations.
A Riemannian metric g is called locally symmetric if ∇R = 0, and nonsymmetric if it is not locally symmetric. It turns out that every locally symmetric metric is locally isometric to a Riemannian symmetric space. The relevance of symmetric spaces to holonomy groups is that many possible holonomy groups are the holonomy group of a Riemannian symmetric space, but are not realized by any nonsymmetric metric. Therefore, by restricting attention to nonsymmetric metrics one considerably reduces the number of possible Riemannian holonomy groups. For more information about symmetric spaces, see Kobayashi and Nomizu [21, §XI] or Helgason [14] .
1.2. Holonomy groups and torsion-free G-structures. Now we explain a useful mathematical tool for studying holonomy groups. Definition 1.8. Let M be a manifold of dimension n, and F the frame bundle of M . Then F is a principal bundle over M with fibre GL(n, R). Let G be a Lie subgroup of GL(n, R). Then a G-structure on M is a principal subbundle P of F , with fibre G.
Let (M, g) be a riemannian n-manifold, with frame bundle F . Then each point of F is a basis (e 1 , . . . , e n ) for one of the tangent spaces T p M of M . Define P to be the subset of F of bases (e 1 , . . . , e n ) which are orthonormal with respect to g. Then P is a principal subbundle of F with fibre O(n), and so P is an O(n)-structure on M . This gives a 1-1 correspondence between O(n)-structures and Riemannian metrics on M . Now let M be an n-manifold, G a Lie subgroup of O(n), and Q a G-structure on M . Then P = O(n) · Q is an O(n)-structure on M containing Q, which corresponds to a Riemannian metric g on M . Let ∇ be the Levi-Civita connection of g. Then ∇ is a connection on P . We say that Q is torsion-free if ∇ preserves the subbundle Q of P . To each G-structure Q on M we can associate a tensor T (Q) called the torsion of Q, which measures the failure of ∇ to preserve Q, and Q is torsion-free if and only if T (Q) = 0.
The relationship between torsion-free G-structures and holonomy groups is given by the following Proposition. 
Let Q be a G-structure on M . Then G is a subgroup of GL(n, R), and so it has a natural representation on R n , and therefore also on
This has two important consequences. Firstly, if the representation V k,l of G splits into a direct sum of subrepresentations, then the tensor bundle k T M ⊗ l T * M on M has a corresponding splitting into subbundles. Thus, a G-structure decomposes tensors into components.
Secondly, if an element t ∈ V k,l is fixed by the action of G, there is a corre-
Moreover, if Q is torsion-free, then we have ∇T = 0, where ∇ is the Levi-Civita connection of the metric g associated to Q. Thus, to each torsion-free G-structure we can associate a number of constant tensors, that is, tensors T on M with ∇T = 0. (vi) n = 7 and Hol(g) = G 2 in SO (7), or (vii) n = 8 and Hol(g) = Spin (7) in SO (8) .
In fact, Berger also included the possibility n = 16 and Hol(g) = Spin (9) , but this was shown not to occur by Alekseevskii [1] and Brown and Gray [8] . To simplify the classification, Berger made three assumptions: that M is simply-connected, that g is irreducible, and that g is nonsymmetric. If we work with Hol 0 (g) instead of Hol(g), then we need not suppose M is simply-connected. The holonomy group of a reducible metric is a product of holonomy groups of irreducible metrics, and the holonomy groups of locally symmetric metrics follow from Cartan's classification of Riemannian symmetric spaces. Thus, these three assumptions can easily be removed.
Here is a sketch of Berger's proof of Theorem 1.11. As M is simply-connected, Theorem 1.3 shows that Hol(g) is a closed, connected Lie subgroup of SO(n), and since g is irreducible, Theorem 1.7 shows that the representation of Hol(g) on R n is irreducible. So, suppose that H is a closed, connected subgroup of SO(n) with irreducible representation on R n , and Lie algebra h. The classification of all such groups H follows from the classification of Lie groups (and is of considerable complexity). Berger's method was to take the list of all such groups H, and to apply two tests to each possibility to find out if it could be a holonomy group. The only groups H which passed both tests are those in the Theorem.
Berger's tests are algebraic and involve the curvature tensor. Suppose that R abcd is the Riemann curvature of a metric g with Hol(g) = H. Then Theorem 1.4 shows that R abcd ∈ S 2 h, and the first Bianchi identity (1.4) applies. But if h has large codimension in o(n), then the vector space R H of elements of S 2 h satisfying (1.4) will be small, or even zero. However, Theorem 1.5 shows that R H must be big enough to generate h. For many of the candidate groups H this does not hold, and so H cannot be a holonomy group. This is the first test.
Now ∇ e R abcd lies in (R n ) * ⊗ R H , and also satisfies the second Bianchi identity (1.5). Frequently these imply that ∇R = 0, so that g is locally symmetric. Therefore we may exclude such H, and this is Berger's second test. Later, Simons [31] found a rather shorter proof of Theorem 1.11 based on showing that Hol(g) must act transitively on the unit sphere in R n . The holonomy groups G 2 and Spin (7) , cases (vi) and (vii) of Theorem 1.11, are known as the exceptional holonomy groups because they are the exceptional cases in the classification. The existence of metrics with holonomy G 2 and Spin (7) was first shown in 1985 by Bryant [9] , using the theory of exterior differential systems. Explicit examples of complete metrics with holonomy G 2 and Spin(7) on noncompact manifolds were found in 1989 by Bryant and Salamon [10] . Then in 1994-5, the present author constructed examples of metrics with holonomy G 2 on compact 7-manifolds [16] , [17] , and of metrics with holonomy Spin(7) on compact 8-manifolds [15] . In the rest of this chapter we will explain these examples and the methods used to contruct them.
The holonomy group G 2
In this section we give a brief introduction to the geometry of metrics with holonomy G 2 , beginning with their local properties, and then moving on to discuss the topology of compact Riemannian manifolds with holonomy G 2 . All the results below can be found in Salamon [30, Chapter 11] , or Joyce [16, 17] . Here is a definition of G 2 as a subgroup of GL(7, R). 
on R 7 , the orientation on R 7 , and the 4-form
Since G 2 is a subgroup of SO (7), a G 2 structure on a 7-manifold M induces a metric g and an orientation on M . Combining g and the orientation gives the Hodge star, a linear map * :
The forms ϕ 0 and * ϕ 0 of (2.1) and (2.3) are related by the Hodge star on R 7 , which is why we use this notation. Let M be a 7-manifold, and ϕ a 3-form on M . We call ϕ a positive 3-form if for every p ∈ M , there exists an isomorphism between T p M and R 7 that identifies ϕ| p and the 3-form ϕ 0 of (2.1). Since G 2 is the subgroup of GL(7, R) preserving ϕ 0 , it follows that there is a 1-1 correspondence between positive 3-forms ϕ on M , and G 2 -structures Q on M . Moreover, as in §1.2, to each G 2 -structure Q on M we may associate a 3-form ϕ, a metric g, and a 4-form * ϕ, corresponding to the tensors (2.1), (2.2) and (2.3) on R 7 . Thus, to each G 2 -structure Q on M there corresponds a unique pair (ϕ, g), where ϕ is a positive 3-form and g a compatible Riemannian metric. For the rest of this chapter, we will adopt the following abuse of notation: we shall refer to the pair (ϕ, g) as a G 2 -structure. Of course it is not, exactly, a G 2 -structure, but it does at least define a unique G 2 -structure.
Then the following are equivalent:
and ϕ is the induced 3-form,
(ii) ∇ϕ = 0 on M , where ∇ is the Levi-Civita connection of g, and
The tensor ∇ϕ is called the torsion of the G 2 -structure (ϕ, g). If ∇ϕ = 0 then the G 2 -structure is called torsion-free. In §1.2 we explained that a G-structure on M induces a splitting of the bundles of tensors on M into irreducible components. Here is the decomposition of the exterior forms on a 7-manifold with a G 2 -structure. 
, and
The Hodge star * of g gives an isometry between Λ k l and Λ
. We saw from Theorem 1.4 that the holonomy group of a Riemannian metric g constrains its Riemann curvature. Using this one can show:
Now suppose that M is a compact manifold, and that g is a Riemannian metric on M with Hol(g) = G 2 . Then, from the Proposition, g is Ricci-flat. Consider the de Rham cohomology group H 1 (M, R). By Hodge theory, each class in H 1 (M, R) is represented by a unique 1-form α with dα = d * α = 0. However, since M is compact and g is Ricci-flat, one can prove by a well-known argument of Bochner [7] that any such 1-form satisfies ∇α = 0.
But by Proposition 1.10, since Hol(g) = G 2 fixes no nonzero vectors in (R 7 ) * , there are no nonzero constant 1-forms on M . Thus H 1 (M, R) = 0. One can then use the Cheeger-Gromoll splitting Theorem [6, Cor. 6 .67] to show that the fundamental group π 1 (M ) of M is finite. Thus we prove the following result, which is [17, Prop. 1. 
This Theorem is proved by studying small deformations of a fixed torsion-free G 2 -structure, and is in that sense a purely local result. In fact, at present we know very little about the global geometry of the moduli space of metrics with holonomy G 2 on any 7-manifold.
The holonomy group Spin(7)
We shall now give a very similar treatment of the holonomy group Spin (7) . The material in this section can be found in Salamon [30, Chap. 12] or Joyce [15] . First we define Spin(7) as a subgroup of GL(8, R).
The subgroup of GL (8, R) preserving Ω 0 is the holonomy group Spin (7) . It is a compact, connected, simply-connected, semisimple, 21-dimensional Lie group, which is isomorphic as a Lie group to the double cover of SO (7) . This group also preserves the orientation on R 8 and the Euclidean metric g 0 = dx
Let M be an 8-manifold and Ω a 4-form on M . We call Ω an admissible 4-form if for every p ∈ M , there is an isomorphism between T p M and R 8 that identifies Ω| p and the 4-form Ω 0 of (3.1). Then there is a 1-1 correspondence between Spin(7)-structures Q and admissible 4-forms Ω on M . Each Spin(7)-structure Q induces a 4-form Ω on M and a metric g on M , corresponding to Ω 0 and g 0 on R 8 . As with G 2 , we shall abuse notation by referring to the pair (Ω, g) as a Spin (7) (i) Hol(g) ⊆ Spin (7), and Ω is the induced 4-form,
where ∇ is the Levi-Civita connection of g, and
Again, ∇Ω is the torsion of the Spin (7)-structure (Ω, g), and (Ω, g) is torsionfree if ∇Ω = 0. Since Spin(7) lies in SO (8) , a Spin (7)-structure on an 8-manifold M induces a natural orientation on M , and so we have the Hodge star * : (7):
Now suppose that M is a compact 8-manifold, and (Ω, g) a torsion-free Spin(7)-structure on M . Since Spin (7) is simply-connected, we deduce that M is spin. Therefore there are positive and negative spin bundles S + , S − over M , with fibre R 8 , and the Dirac operator D acts by D :
As M is Ricci-flat, it has zero scalar curvature. Thus, by a well-known argument of Lichnerowicz [26] 
Metrics with holonomy SU (2) on the K3 surface
Before discussing the construction of metrics with holonomy G 2 and Spin(7) on compact 7-and 8-manifolds, we will first explain a simpler construction of the same type: that of metrics of holonomy SU (2) on a particular compact 4-manifold, the K3 surface. This is a good illustration of the general plan used for G 2 and Spin (7), but the details are easier because the dimension is lower. 
. This can be done explicitly in examples with symmetry, or using analysis as in Yau's solution to the Calabi conjecture [34] .
The Eguchi-Hanson space.
The simplest nontrivial example of a Riemannian manifold with holonomy SU (2) is the Eguchi-Hanson space [11] , which is a family of complete metrics on the noncompact 4-manifold T * CP 1 . We will write down this metric explicitly in coordinates. Let C 2 be equipped with complex coordinates (z 1 , z 2 ), and the standard flat Kähler metric
2 , preserving g 0 and fixing 0. Thus C 2 /{±1} is a singular complex manifold with one singular point at 0, and the metric g 0 pushes down to C 2 /{±1}. Let X be the blow-up of C 2 /{±1} at 0, and let π : X → C 2 /{±1} be the blow-down map. Then X is a nonsingular complex manifold biholomorphic to T * CP 1 , with π 1 (X) = {1} and H 2 (X, R) = R. The radius function r given by 
and ω
4.2. The Kummer construction. The K3 surface is a compact 4-manifold which has a family of complex structures, each making the K3 into a complex surface. These complex surfaces are of particular interest to algebraic geometers. From Yau's proof of the Calabi conjecture [34] , it is known that the K3 surface possesses a 58-parameter family of metrics of holonomy SU (2). An approximate description of some of these metrics was given by Page [28] , which employs an idea known as the Kummer construction.
Proofs of the existence of metrics of holonomy SU (2) on K3 using Page's idea have been given by Topiwala [33] and LeBrun and Singer [25] using twistor theory, and by the author [17, Ex. 1] using analysis. Here is a brief sketch of the Kummer construction for the K3 surface, and the metrics of holonomy SU (2) upon it.
Let C 2 have complex coordinates (z 1 , z 2 ) and metric g 0 as above. Define a subset Λ of
Then Λ is a lattice in C 2 , and C 2 /Λ is the 4-torus T 4 . It is a complex manifold, with flat Kähler metric g 0 . Define an involution σ :
Then σ has 16 fixed points, the points (z 1 , z 2 ) + Λ with z j ∈ {0, 
This equation shows that when t > 0 is small, the SU (2)-structures (ω 
Then (ω
has nonzero torsion. However, using (4.7) one can ensure that the torsion is O(t 4 ), and so when t is small, the torsion is also small. Finally, using analysis one proves that an SU (2)-structure on Y with sufficiently small torsion, can be deformed to a nearby, torsion-free SU (2)-structure. Therefore, for all small enough t > 0 we construct a new, torsion-free SU (2)-structure (ω
The metricg t associated to this SU (2)-structure is a metric on the K3 surface with holonomy SU (2).
Compact manifolds with holonomy G 2 and Spin(7)
In the rest of this chapter we will describe a construction for compact Riemannian 7-manifolds with holonomy G 2 , and a very similar construction for compact Riemannian 8-manifolds with holonomy Spin (7) . Both constructions are motivated by and modelled on the Kummer construction of §4 for metrics of holonomy SU (2) on the K3 surface. They can be divided into four steps. Here is a summary of each. For simplicity we will describe the G 2 case only, but the Spin(7) case is very similar.
Step 1. Let T 7 be the 7-torus. Let (ϕ 0 , g 0 ) be a flat G 2 -structure on T 7 . Choose a finite group Γ of isometries of T 7 preserving (ϕ 0 , g 0 ). Then the quotient T 7 /Γ is a singular, compact 7-manifold. For certain special groups Γ there is a method to resolve the singularities of T 7 /Γ in a natural way, using complex geometry. We get a nonsingular, compact 7-manifold M , together with a map π : M → T 7 /Γ, the resolving map.
Step 2. On M , we explicitly write down a 1-parameter family of G 2 -structures (ϕ t , g t ) depending on a real variable t ∈ (0, ). These G 2 -structures are not torsion-free, but when t is small, they have small torsion. As t → 0, the G 2 -structure (ϕ t , g t ) converges to the singular G 2 -structure π * (ϕ 0 , g 0 ).
Step 3. We prove using analysis that for all sufficiently small t, the G 2 -structure (ϕ t , g t ) on M , with small torsion, can be deformed to a G 2 -structure (φ t ,g t ), with zero torsion.
Step 4. Finally, we show thatg t is a metric with holonomy G 2 on the compact 7-manifold M , using topological invariants of M .
We shall explain Steps 1-4 at much greater length in sections 6-9 respectively. By considering different groups Γ acting on T 7 and T 8 , we are able to find metrics with holonomy G 2 and Spin(7) on many topologically distinct 7-and 8-manifolds. It also happens that the same orbifold T k /Γ can admit several topologically distinct resolutions, and this increases the number of examples.
In [17] , the author gave examples of 68 distinct, compact 7-manifolds with holonomy G 2 , and in [15] , examples of 95 distinct, compact 8-manifolds with holonomy Spin (7) . The forthcoming book [19] will provide many more examples, by using more powerful mathematical tools to resolve singularities, and by studying the possibilities for the finite group Γ in a systematic way.
Orbifolds and resolutions
This section explains Step 1 of §5 in greater detail. For simplicity, we will mostly confine our attention to the case of 7-manifolds and holonomy G 2 , but the case of 8-manifolds with holonomy Spin (7) is very similar. Section 6.1 introduces orbifolds T 7 /Γ with flat G 2 -structures, and their singular points. Then §6.2 discusses resolutions of T 7 /Γ, and describes a special way of resolving orbifolds T 7 /Γ using complex geometry. We shall see later that a resolution constructed in this way admits a family of torsion-free G 2 -structures. Section 6.3 gives a simple example of an orbifold T 7 /Γ, and how to resolve it, and §6.4 gives a similar example in 8 dimensions.
Orbifolds of T
7 with flat G 2 -structures. Let (ϕ 0 , g 0 ) be the standard, flat G 2 -structure on R 7 , given in Definition 2.1. Let Λ be a lattice in R 7 , so that Λ ∼ = Z 7 . Then Λ acts as a group of translations on R 7 , and the quotient R 7 /Λ is the 7-torus T 7 . Moreover, this action of Λ on R 7 preserves ϕ 0 and g 0 , and thus there is a flat G 2 -structure (ϕ 0 , g 0 ) on T 7 . Now the group of linear transformations of R 7 preserving (ϕ 0 , g 0 ) is G 2 ⊂ GL (7, R) , and the group of linear transformations of R 7 preserving Λ is GL(7, Z) ⊂ GL (7, R) . Thus, the subgroup of GL(7, R) preserving both (ϕ 0 , g 0 ) and Λ is F = G 2 ∩ GL(7, Z). Here F is a finite group, as it is both discrete and compact. Note that the embedding of GL (7, Z) in GL (7, R) , and thus the finite group F , is not fixed but depends on the choice of lattice Λ in R 7 . The group F acts on T 7 preserving the G 2 -structure (ϕ 0 , g 0 ). But T 7 acts on itself by translations, and this action also preserves (ϕ 0 , g 0 ). Together, these actions of F and T 7 on T 7 generate a group F T 7 , which turns out to be the full group of automorphisms of T 7 that preserve (ϕ 0 , g 0 ).
Let Γ be a finite subgroup of F T 7 . Then Γ acts on T 7 preserving (ϕ 0 , g 0 ), and thus T 7 /Γ is an orbifold, equipped with a flat G 2 -structure (ϕ 0 , g 0 ). The singular points of T 7 /Γ are easy to describe. Let x ∈ T 7 , so that xΓ ∈ T 7 /Γ. Let Γ x = {γ ∈ Γ : γ(x) = x} be the stabilizer of x. If Γ x = {1} then xΓ is a nonsingular point of T 7 /Γ. If Γ x = {1} then xΓ is a singular point of T 7 /Γ. Moreover, Γ x acts naturally on R 7 , and the singularity at xΓ is modelled on the singularity at 0 of R 7 /Γ x . This action of Γ x on R 7 makes Γ x into a subgroup of G 2 . Thus, xΓ is a singular point of T 7 /Γ if and only if x is fixed by some nonidentity element of Γ. It is convenient to adopt the following notation: for each nonidentity element γ ∈ Γ, define S γ to be the set of points xΓ ∈ T 7 /Γ for x ∈ T 7 with γ(x) = x. Define S to be the set of singular points of T 7 /Γ. Then S is the union (not necessarily a disjoint union) of the S γ for γ = 1 in Γ. Suppose that α = 1 is an element of G 2 . Then the subset of R 7 fixed by α is either R or R 3 . Therefore, if γ = 1 lies in Γ then S γ is either empty, or has dimension 1 or 3. Hence the singular set S is a finite union of (singular) 1-manifolds and 3-manifolds in T 7 /Γ.
Resolutions of T
7 /Γ with torsion-free G 2 -structures. Our goal is to resolve the singularities of the orbifold T 7 /Γ to get a compact 7-manifold M , and to construct a family of torsion-free G 2 -structures on M that are in some sense close to the singular G 2 -structure (ϕ 0 , g 0 ) on T 7 /Γ. By a resolution of T 7 /Γ, we mean a pair (M, π), where M is a compact 7-manifold and π : M → T 7 /Γ a continuous map, such that the restriction π :
and for each s ∈ S, the subset π −1 (s) is a finite union of compact submanifolds of M .
In general T 7 /Γ has not just one, but infinitely many resolutions (M, π). However, nearly all of these resolutions are unsuitable for our purposes, and most of them do not even admit G 2 -structures. To be able to construct torsion-free G 2 -structures on M , we must restrict our attention to orbifolds T 7 /Γ with a particular kind of singularity, and then resolve these singularities in a special way.
Let xΓ be a generic point of S. Then the singularity of T 7 /Γ at xΓ is modelled on that of R 7 /Γ x at 0. Now we saw above that the singular set S of T 7 /Γ is a finite union of (singular) 1-manifolds and 3-manifolds. As xΓ is generic, near xΓ we see that S is nonsingular and of dimension 1 or 3. Suppose first that S is of dimension 1 near xΓ. Then there is a natural splitting R 7 ∼ = R ⊕ R 6 preserved by Γ x , and Γ x acts trivially on R and freely on R 6 \ {0}. As Γ x preserves the G 2 -structure (ϕ 0 , g 0 ) on R 7 , it follows that Γ x is a subgroup of G 2 . But the subgroup of G 2 fixing a subspace R ⊂ R 7 is SU (3), so that Γ x is a subgroup of SU (3). Similarly, if S has dimension 3 near xΓ, we can show that Γ x lies in a subgroup SU (2) of G 2 . Thus, if xΓ is a generic singular point of T 7 /Γ, then one of two possibilities holds:
(i) There is a natural splitting R 7 ∼ = R 3 ⊕ C 2 , and SU (2) acts trivially on R 3 and in the usual way on C 2 . The group Γ x is a finite subgroup of SU (2) which acts freely on C 2 \ {0}, and
(ii) There is a natural splitting R 7 ∼ = R ⊕ C 3 , and SU (3) acts trivially on R and in the usual way on C 3 . The group Γ x is a finite subgroup of SU (3) which acts freely on C 3 \ {0}, and
The key observation is that the singularities C 2 /Γ x and C 3 /Γ x occurring here are complex singularities. Now in the field of complex algebraic geometry, the problem of resolving singularities of complex manifolds has been studied for many years, and is very well understood in complex dimensions 2 and 3. In particular, if F is a nontrivial finite subgroup of SU (2), it is known that the quotient singularity C 2 /F can be resolved in a unique way to give a complex manifold X, which has a family of ALE metrics with holonomy SU (2). These metrics were explicitly constructed and classified by Kronheimer [22] , [23] . In the simplest case F = {±1}, we get the Eguchi-Hanson space of §4.1.
Similar results are known for the case of SU (3). If F is any finite subgroup of SU (3), Roan [29] has shown that C 3 /Γ admits a suitable complex resolution Y . The family of ALE metrics with holonomy SU (3) on Y are not known explicitly except in special cases, but the author [19] has proved that such metrics exist in every case, by following Yau's proof of the Calabi conjecture. Tian and Yau [32] have also proved some related results.
Suppose X is a resolution of C 2 /F , and g X is an ALE metric on X with holonomy SU (2). Let g R 3 be a flat metric on R 3 . Then g = g R 3 × g X is a metric on R 3 × X which has holonomy Hol(g) = {1} × SU (2). Since {1} × SU (2) ⊂ G 2 , the metric g extends to a torsion-free G 2 -structure (ϕ, g) on R 3 × X, which is asymptotic to the flat G 2 -structure (ϕ 0 , g 0 ) on R 7 /F as one approaches infinity in X. In the same way, if Y is a resolution of C 3 /F and g Y an ALE metric on Y with holonomy SU (3), we may construct torsion-free
Thus, if xΓ is a singular point of T 7 /Γ and Γ x lies in some subgroup of G 2 conjugate to SU (2) or SU (3), then one can resolve the quotient singularity R 7 /Γ x using complex geometry, in such a way that the resolution carries a family of torsionfree G 2 -structures (ϕ, g) asymptotic to (ϕ 0 , g 0 ) .
For our construction, we first choose an orbifold T 7 /Γ for which Γ x lies in SU (2) or SU (3) for every singular point xΓ of T 7 /Γ. Next, we build a resolution (M, π) of T 7 /Γ, which is modelled at each singular point on the resolution from complex geometry described above. Then, by gluing together torsion-free G 2 -structures on the different regions of M , we can write down a family of G 2 -structures on M with small torsion. This will be explained in §7, but first we will give examples of orbifolds T 7 /Γ and T 8 /Γ, and how to resolve them.
6.
3. An example of an orbifold T 7 /Γ and its resolution. We begin with an example of a suitable group Γ. Let (x 1 , . . . , x 7 ) be coordinates on
, where x i ∈ R/Z. Let (ϕ 0 , g 0 ) be the flat G 2 -structure on T 7 defined by (2.1) and (2.2). Let α, β and γ be the involutions of T 7 defined by
By inspection, α, β and γ preserve (ϕ 0 , g 0 ), because of the careful choice of exactly which signs to change. Also, α 2 = β 2 = γ 2 = 1, and α, β and γ commute. Thus they generate a group Γ = α, β, γ ∼ = Z Now the natural resolution of the complex singularity C 2 /{±1} is the EguchiHanson space X of §4.1, with its resolving map π : X → C 2 /{±1}. Therefore, T 3 × X is a resolution of the singularity T 3 × C 2 /{±1}, with resolving map π :
, and we resolve T 7 /Γ by replacing this with T 3 × X, using the resolving map π. In this way we construct a compact, nonsingular 7-manifold M with a map π : M → T 7 /Γ, making (M, π) into a resolution of T 7 /Γ. Later we will construct a family of metrics with holonomy G 2 on M .
An example of an orbifold T
8 /Γ and its resolution. Let (x 1 , . . . , x 8 ) be coordinates on
, where x i ∈ R/Z. Define a flat Spin(7)-structure (Ω 0 , g 0 ) on T 8 as in Definition 3.1. Let α, β, γ and δ be the involutions of T 8 defined by
By inspection, α, β, γ and δ preserve Ω 0 and g 0 . It is easy to see that α 2 = β 2 = γ 2 = δ 2 = 1, and that α, β, γ, δ all commute. Define Γ to be the group α, β, γ, δ .
4 is a group of automorphisms of T 8 preserving (Ω 0 , g 0 ) -structure (ϕ 0 , g 0 ) . Consider the restriction of (ϕ 0 , g 0 ) to A j ∩B. We may identify A j ∩B with an open subset of T 3 ×C 2 /Γ j , and under this identification, ϕ 0 has the form
where ν I , ν J and ν K are constant, linearly independent 1-forms on T 3 , and (ω
. Now, as we explained in §6.2, it is known that the manifold X j admits a family of ALE metrics with holonomy SU (2) . Therefore, as in §4.1, for each t > 0 we can find a torsion-free SU (2)-structure (ω
near infinity in X j . Motivated by (7.1), define a 3-form ϕ t on A j by
Then it turns out that ϕ t induces a torsion-free G 2 -structure (ϕ t , g t ) on A j . Moreover, since r ∈ (ζ, 2ζ) on A j ∩ B, equations (7.1) and (7.2) imply that
Thus, on the subset A j of M we have a torsion-free G 2 -structure (ϕ t , g t ) for each t > 0, and on the subset B of M we have a torsion-free G 2 -structure (ϕ 0 , g 0 ). On the overlaps A j ∩ B, the difference between the G 2 -structures is O(t 4 ) by (7.4), and so when t is small, the two G 2 -structures are close together. It is easy to use a partition of unity to write down a G 2 -structure (ϕ t , g t ) on M , which equals (ϕ t , g t ) on A j \ B and equals (ϕ 0 , g 0 ) on B \ j A j , and interpolates smoothly between the two on the intersections A j ∩ B. This G 2 -structure will be torsion-free on A j \ B and B \ j A j , but will have nonzero torsion on A j ∩ B. Now, for the purposes of the analysis in the next section, we need to estimate three geometric invariants of this G 2 -structure (ϕ t , g t ). These are the torsion ∇ϕ t , the injectivity radius δ(g t ) of g t , and the Riemann curvature R(g t ) of g t . Using (7.4), one can ensure that ∇ϕ t C 0 = O(t 4 ), and this is an estimate for the torsion. Let g j,t be the ALE metric with holonomy SU (2) on X j used in the construction. One can choose the metrics g j,t to be homothetic for all t, so that after applying an automorphism of X j depending on t, we may choose g j,t to be isometric to t 2 g j,1 for each t > 0.
It immediately follows that δ(g j,t ) = t δ(g j,1 ) and R(g j,t ) C 0 = t −2 R(g j,1 ) C 0 . When t is small, it is easy to see that the injectivity radius and curvature of the ALE metrics g j,t make the dominant contribution to the injectivity radius and curvature of the g t on M . Therefore, we expect δ(g t ) to be O(t), and R(g t ) C 0 to be O(t −2 ) for small t. Arguing in this way, one may estimate δ(g t ) and R(g t ) C 0 . We state the existence and some important estimates for the G 2 -structures (ϕ t , g t ) in the following Theorem, which summarizes the results of this stage of the construction. 
(ii) the injectivity radius δ(g t ) of g t satisfies δ(g t ) ≥ A 2 t, and
Here all norms are taken w.r.t. the metric g t on M .
Deforming to torsion-free G 2 -and Spin(7)-structures
Now we explain Step 3 of §5, which in the G 2 case is accomplished by the following Theorem. 
This result is proved in [16, §3] . The proof is not easy, and it represents most of the hard work in [16] . Note that the proof given there also involves estimates on the volume and diameter of the Riemannian manifold (M, g t ), but it turns out that these are unnecessary and can be removed. An improved proof will be given in [19] .
The rest of this section gives a sketch of the proof of Theorem 8.1, ignoring several technical points. The treatment follows that given in [19] , which differs a little from that of [16] . We begin in §8.1 with an aside on G 2 -structures and exterior forms, which leads in §8.2 to a way to write the deformation problem as a nonlinear elliptic partial differential equation. Section 8.3 then explains how to construct a smooth solution using analytic methods.
8.1. G 2 -structures and forms on 7-manifolds. Let ϕ 0 and * ϕ 0 be the 3-and 4-forms defined on R 7 in (2.1) and (2.3). Now GL(7, R) acts linearly on R 7 , and this induces an action of GL (7 
* under this action. From §2, the stabilizer of ϕ 0 in GL(7, R) is G 2 , and therefore P 3 is isomorphic to GL(7, R)/G 2 . Since dim GL(7, R) = 49 and dim G 2 = 14, it follows that dim P
* is also positive 3-forms ϕ t and a family of 3-forms ψ t for t ∈ (0, ), which satisfy dϕ t = 0 and d Θ(ϕ t ) = d( * ψ t ). We regard t as being small and fixed. Our goal is to deform ϕ t to a positive 3-formφ t satisfying dφ t = 0 and d Θ(φ t ) = 0. Let η be a 2-form on M , and putφ t = ϕ t + dη. Since P 3 M is an open subset of Λ 3 T * M , it follows that if dη is small in C 0 , thenφ t is a positive 3-form, and defines a G 2 -structure on M . Also, dφ t = 0 holds automatically.
Thus, the condition forφ t to define a torsion-free G 2 -structure is that dη should be small in C 0 , and d Θ(ϕ t + dη) = 0. The function Θ can be expanded about ϕ t to give
This rather curious result is proved using the special geometry of G 2 -structures, and it shows that if (8.3) holds, then all three terms in the equation must actually be zero. Combining the Proposition and the previous Lemma, we arrive at the following formulation of the problem. 
and f ϕ t = π 1 (dη). (8.10)
Proof. Since M is compact, the subsets Im d and Im 
is even smaller. Therefore, when ψ t and dη are both small, the second and third terms on the right hand side of (8.9) are small compared to the left hand side. In this case, since ellipticity is an open condition, (8.9) is a nonlinear elliptic partial differential equation for η. Now, a great deal is known about the properties of linear and nonlinear elliptic equations, and there is a body of well understood techniques for studying their solutions. For an introduction to this area, see Aubin [4] , or Gilbarg and Trüdinger [12] . We shall use these techniques to show that (8.9) and (8.10) have a smooth solution. Here is a brief sketch of the proof of this result. We solve (8.9) by iteration, introducing sequences {η j } ∞ j=0 and {f j } ∞ j=0 with η 0 = f 0 = 0, satisfying the inductive relations
Suppose by induction that smooth η 0 , . . . , η k and f 0 , . . . , f k exist and satisfy (8.11) and (8.12) for j < k. Now, provided F (dη k ) is well-defined, which happens if |dη k | is small, the r.h.s. of (8.11) Here is how the inductive estimates (8.14) are proved. For the first one, we take the L 2 -inner product of (8.11) with η j+1 and integrate by parts. A short calculation shows that
where C 3 is a constant such that |F (χ)| ≤ C 3 |χ| 2 , for small 3-forms χ. Equation (8.15) gives an a priori estimate for dη j+1 L 2 in terms of dη j L 2 and dη j C 0 , which are bounded by (8.13), and ψ t L 2 , which is bounded by A 1 t 4 . When t is small enough (depending on C 1 , K, C 3 and A 1 ), we can show that dη j+1 L 2 ≤ C 1 t 4 , as we have to prove. The 3-form ψ t was introduced solely to achieve this inequality.
Next we prove the second inequality of (8.14). Using parts (ii) and (iii) of Theorem 7.1 we may show that if χ is a closed 3-form on M then
where C 4 is a positive constant depending on A 2 and A 3 . This is an elliptic regularity result for the elliptic operator d+d * acting on exterior forms on M . We substitute χ = dη j+1 in (8.16) . The term d * χ L 14 can be estimated in terms of norms of ψ t and dη j using (8.11) , and the term χ L 2 is dη j+1 L 2 , which we have already bounded. Again, when t is small enough we can show that ∇dη j+1 L 14 ≤ C 2 , as we want.
Lastly, we prove the third inequality of (8.14) . If χ is a 3-form on M , then one can use parts (ii) and (iii) of Theorem 7.1 to show that (8.17 )
where C 5 depends on A 2 and A 3 . This is a Sobolev embedding result. The third inequality of (8.14) follows from the first two and (8.17), provided we take K = C 5 (C 2 + C 1 ). The remainder of the proof is comparatively straightforward. By induction on j, the estimates (8.13) hold for all j. It soon follows that the sequences {η j } ∞ j=0
and {f j } ∞ j=0 exist, and converge in the appropriate Sobolev spaces to limits η, f , for which (8.9) and (8.10) hold. Taking the limit in (8.13) shows that dη C 0 ≤ Kt 1/2 . Since (8.9) is elliptic for small t and |dη|, one can then show that η is smooth using standard analytic techniques, and the proof of Theorem 8.1 is complete.
These seem to be difficult problems, but ones on which some progress can be made. The simplest sort of singularities to consider are orbifold singularities. When the orbifold group locally lies in some SU (m) in G 2 or Spin (7), we have a good theory of when and how the singularities can be resolved, which will be explained in [19] . Some things can also be proved for more general orbifold groups.
Thirdly, we discuss special submanifolds of G 2 and Spin (7) manifolds. There is a beautiful theory called calibrated geometry, which was introduced by Harvey and Lawson [13] . The idea is that in a Riemannian manifold with an extra geometric structure such as a Kähler structure, there is a special type of minimal submanifold called a calibrated submanifold. For example, complex submanifolds of Kähler manifolds are calibrated submanifolds.
Riemannian 7-manifolds with holonomy G 2 have two types of calibrated submanifold, associative 3-manifolds, and coassociative 4-manifolds. Riemannian 8-manifolds with holonomy Spin(7) have just one type, Cayley 4-manifolds. The deformation theory of all three was worked out by McLean [27] . Examples of compact associative and coassociative submanifolds in compact 7-manifolds with holonomy G 2 are given in [17, §4.2] , and similar methods yield examples of Cayley 4-manifolds in Spin (7)-manifolds. Calibrated submanifolds seem to play a similar rôle in exceptional geometry to holomorphic curves in complex manifolds.
• Describe the calibrated submanifolds N in a given compact Riemannian manifold M with exceptional holonomy.
• Both coassociative 4-manifolds and Cayley 4-manifolds can occur in families of positive dimension. What do the singular elements of these families look like? • What happens to the calibrated submanifolds in M as we deform the metric on M ? • One can define invariants of compact manifolds with exceptional holonomy, by counting calibrated submanifolds with a fixed homology class, as the Gromov invariant counts pseudo-holomorphic curves in a symplectic manifold. What is the theory of these invariants? Are there any connections with physics?
Finally, we note that compact manifolds with holonomy G 2 (and to a lesser extent Spin (7) ) are arousing interest in the branch of theoretical physics known as 'string theory'. String theory is a very complex physical theory that at present has no adequate mathematical desciption. Its practitioners have a track record of making weird mathematical conjectures, which (usually) later turn out to be true. String theorists have already caused controversy in algebraic geometry with the idea of 'mirror manifolds', and formulae for counting holomorphic curves in complex 3-manifolds. It seems probable that string theory will also throw some light on the geometry of compact manifolds with holonomy G 2 and Spin (7) .
